A Type of Enestrom-Kakeya Theorem for Quaternionic

Polynomials Involving Monotonicity with a Reversal

Abstract. The Enestrom-Kakeya Theorem states that if P(z) = > ,_, a2’ is a
polynomial of degree n with real coefficients satisfying 0 < ap < a; < --- < ay,
then all zeros of P lie in |z| < 1 in the complex plane. Motivated by recent results
concerning an Enestrom-Kakeya “type” condition on the real and imaginary parts of
complex coefficients, we give similar results with hypotheses concerning the real and
imaginary parts of the coefficients of a quaternionic polynomial. We give bounds on

the moduli of quaternionic zeros of such polynomials.
1 Introduction

The classical Enestrom-Kakeya Theorem concerns the location of the complex zeros of a real
polynomial with nonnegative monotone coefficients. It was independently proved by Gustav

Enestrom in 1893 [4] and Soichi Kakeya in 1912 [8].

Theorem 1.1. Enestrom-Kakeya Theorem. If P(z) = Y, ,a,z" is a polynomial
of degree n (where z is a complex variable) with real coefficients satisfying 0 < ay < a3 <

-+ < ay, then all the zeros of P lie in |z| < 1.

A corollary to the main theorem in [6] concerns monotonicity of the real and imaginary
parts of the coefficients of a polynomial. The monotonicity condition involves a reversal, as

follows.

Theorem 1.2. Let P(z) = Y., _,az* be a polynomial of degree n with complex
coefficients where Re(ay) = oy and Im(ay) = 3, for € = 0,1,... ,n. Suppose that oy < vy <
e Sap > g 22y and By < Br--- < B > By > oo > By Then all the zeros of
P lie in

min {|ao|/ (2(ax + Br) — (a0 + Fo) — (an + B — lan])) , 1} < [2|
< max { (Jao| — (0 + o) = (@ + Bn) + 2(e + 5,))/ |an, 1} -
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By combining more general monotonicity conditions of Aziz and Zargar [1] and Shah et

al. [11], the authors of this work recently proved the following [5, Theorem 5].

Theorem 1.3. Let P(z) = Zagze be a polynomial of degree n with complex co-
=0
efficients. Let oy = Re(ay) and B, = Im(ay) for 0 < ¢ < n. Suppose that, for some

positive numbers kg, ki, pr, p1, p, and ¢ with kr > 1, k; > 1, 0 < pr < 1,0 < p; < 1,

and 0 < g < p < n, the coefficients satisfy
PROG < g1 < Qgrp < oo < o1 < kray, and

P18y < Bov1 < Byro < - < B < iy

Then, all the zeros of P lie in the closed annulus

min{l ] } <|q| < M
V= ool Flanl | =1 Teul

where

M = [ao| + M, + (1 - pR)|aq‘ — PROq + (1- Pl)yﬁq|

—p1By + (kr — V)|oy| + kray + (k1 — 1)[8,| + krBy + My,
M, = Z lag — ap—1], and M, = Z lag — ap_1].
(=1 (=p+1
The quaternions, H = {a + #i + vj + dk | a, 8,7, € R}, where i? = j> = k* = ijk = —1,

are the standard example of a noncommutative division ring. The modulus of ¢ € H is

lg| = /a2 + 82+ 42+ 62. The absence of commutivity leads to some surprising behavior
of the zeros of a polynomial of a quaternionic variable. For example, the second degree
polynomial ¢* + 1 has set of zeros {3i + vj + ok | B> + % + 6* = 1}.

The Enestrom-Kakeya Theorem has been extended to polynomials of a quaternionic

variable as follows [2].

Theorem 1.4. Ifp(q) = "'_, ¢"a, is a polynomial of degree n (where q is a quaternionic
variable) with real coefficients satisfying 0 < ag < --- < a,, then all the zeros of p lie in

lg| < 1.



By giving results on the location of the quaternionic zeros of a polynomial, we include
all (finitely many) complex zeros and potentially infinitely many more quaternionic zeros,
as illustrated for polynomial ¢?> + 1. The purpose of this paper is to extend Theorem 1.3
to quaternionic polynomials and, in the process, to introduce a reversal in the monotonicity

condition on the real and imaginary parts of the quaternionic coefficients.

2 The Results

Theorem 2.1. Let P(q) = Y.,_,¢'as be a polynomial of degree n with quaternionic co-
efficients, that is a; = o+ Bei+)+0ek, where for positive real pr,, PRy, Py s Plas Pdys Pos PKy s

Pk, each less than or equal to 1 and for kg, k;, ky, ki each at least 1, we have
PRO S g <o Sy < kRay, > qpg > - > PRy,

prBr < Brpr oo S Byt L kiBy = By = 0 2 pnBps
PrYr < Ve S S 1 S RgY 2 Yo =000 2 P, and
PK157~ S 57’—4—1 S e S (577—1 S kK(sn Z 5n+1 Z tc Z ng(sp'

Then all zeros of P(q) lie in

min{l, 90| } <|q| < %,
M — |ao| + |ay| |an|
where
M = lao|+ M, — pr,ar + | |(1 = pr,) + 2|ay|(kr — 1) + 2kpay + || (1 — pr,) — PRy

_phﬁ?“ + |B7"|(1 - ph) + 2|ﬁ77|(k:1 - 1) + 2]{:1577 + |6p|(1 - 012) - pf2ﬁp
—pnYr + 0|1 = pa) + 2l (ks — 1) + 2k + [%l(1 = ps) — P2
_pK157‘ + ’57"|(1 - IOKl) + 2’677‘<kK - 1) + 2]6[((5,7 + |5p’(1 - pKQ) - ngdp + Mp7

n

T
M, = Z |ae = a1, and M, = Z lag — ap-1].
=1 (=p+1

With pr, = pr, = pr, = pr, =1, kp =k = k; = kx =1, and pgr, = pr, = ps, = pr, = 1

in Theorem 2.1, we get the following corollary.



Corollary 2.2. If P(q) = >_,_,¢‘as is a polynomial of degree n with quaternionic
coefficients, that is a; = ay + Bei + YeJ + ¢k, satisfying

argar—&—lS"'San—lganzan—&-lZ"'ZQpa
ﬁréﬁr—l—lS"'Sﬁn—lgﬁnZﬁn—‘rlZ"'Zﬁpa

Yo St S S Yt S = Yy 20 2, and

6r§6r+1§"'§57]71§57]257]+1Z"'>6p-

Then all zeros of P(q) lie in

min{l, 90| } <lq| < %7
M — |ag| + |ay|

where

M = |ag| + M, — o + 204, — oy — Br + 20, — By — % + 29 — Y — O + 20, — 0, + M),

T n
M, = Z lag — ap—1|, and M, = Z lag — ag_1].
=1 {=p+1

With r =1 and n = p = n, Corollary 2.2 reduces to the following.

Corollary 2.3. If P(q) = >_,_,¢‘as is a polynomial of degree n with quaternionic

coefficients, that is a; = ay + Bei + YeJ + ¢k, satisfying
<o < <apg <an, B <G < < B < By

V<41 < < Y1 S Y, and 0 < Oy <o < 0y < O

Then all zeros of P(q) lie in

min{l, ool } <|q| < ﬁ,
M — lao| + |ay| |l

!
where M = |ag| + My, — ay + ooy — B1 + B — Y1 + Yo — 01 + &, and M, :Z|(Ig—(lg_1|.
=1

Corollary 2.3 is a slight refinement of a result of Tripathi [12, Theorem 3.1]. Corollary
2.3 implies Theorem 9 of [2] when [ = 0.



In connection with Bernstein inequalities, Chan and Malik [3] (and, independently, Qazi
[10]) considered the class of polynomials of a complex variable of the form P(z) = a¢ +
> v aez’. Inspired by this, the current authors considered complex polynomials of the
form P(z) = ag + Y. asz’ + a,2™ in connection to locations of zeros [5]. An additional
result follows from Corollary 2.2 by applying it to a quaternionic polynomial of the form
P(q) = ao+ >_0_, ¢°as + ¢"a,, (with the coefficients satisfying the hypotheses of Corollary
2.2). This result gives the location of the zeros of P as stated in Corollary 2.2, where

M, = |ao| + |a| and M, = |ay| + |an|.

3 Lemmas

We adopt the standard that polynomials have the indeterminate on the left and the coef-
ficients on the right, so that we have quaternionic polynomials of the form Py(¢q) = Y_,_, ¢‘as.
With Pa(q) = Y%, ¢*be, we have the regular product (Pi*P)(q) = > im0t j—0.1,...m @ @ib;.

Zeros of regular products of quaternionic polynomials behave as follows [9]:

Theorem 3.1. Let f and g be given quaternionic polynomials. Then (f * g)(qo) = 0 if
and only if f(qo) = 0 or f(qo) # 0 implies g(f(q0)™ q0.f (¢0)) = 0.

Gentili and Struppa introduced a Maximum Modulus Theorem for regular functions [7]:

Theorem 3.2. Let B = B(0,r) be an open ball in H with center 0 and radius r > 0,
and let f : B — H be a regular function. If |f| has a relative maximum at a point a € B,

then f is constant on B.

4 Proof of Theorem 2.1

Proof of Theorem 2.1. Define f(q) with the equation

Plg)x(1—q) = (iq‘w)*(l—fﬂ



= fla) —¢""an.

By Theorem 3.1, P(q) * (1 — ¢) = 0 if and only if either P(q) = 0, or P(q) # 0 implies
1— P(q)"'qP(q) = 0. Notice that 1 — P(q)"'qP(g) = 0 implies ¢ = 1. So the only zeros of
P(q) * (1 — q) are ¢ = 1 and the zeros of P(q). Thus for |¢| =1,

F@] = |ao+ Y q'(ac—ae)| < laol + > |al|lar — ari]
(=1 =1

n p
= |a0|+2\ag—ag_1\ = |CL0|+MT+ Z |ag—az_1|+Mp

/=1 {=r+1
P
< laol+ My + ) (low — ccal + 180 = Beal + e — vemal + 160 — bea|) + M,
l=r+1
n—1
= |a0| + Mr + ‘arJrl — PR, Oy + PR Oy — ar‘ + Z ‘af - Oééfl|
l=r42
+|ay, — kroy, + kray, — agyq| + a1 — kroy, + kpay, — oy
p—1
+ Z e — | + |y — PRy + PRy — i
l=n+2
n—1
HBrst = p1.Be + o1 B = Bel + Y 1B — Ber
b=r+2

+|ﬁn - klﬂn + klﬁn - ﬁnfl| + ‘ﬁrﬁl - klﬁn + klﬁn - 6n|

p—1
+ Z Wé - 5@—1| + Wp - szﬁp + Plzﬁp - ﬁp—1|

l=n+2
n—1
Her1 = PV F oY = Vel + D e — e
{=r+2
+|777 — kg + ki — 7n71| + |’7n+1 — kg + kv — 777|
p—1

+ > =1l + e = P+ prY — Wl

l=n+2

n—1
H0ri1 = pry O + prcy0r — S0 + Y (60 — 4

l=r+2
+|6y — kx0y + krby — 6p—1] + |01 — ki oy + kx 0y — 0y
p—1
+ Z |00 = Se—1| + [0p — pPr20p + PRy Op — Gp1| + My
l=n+2

< aol + My + |ovgr = priow| + |pric — | = n + a1 + oy — kray|



+kray, — a1 + |1 — kroy| + [kray, — ay| + ap1 — ap1 + oy — PR,y
+pro0ty — ap_1| 4+ |1 — pr, Be| + o0 Br — Br| = Brgr + By—1 + |8y — k15|
+k18y — By—1| + |By1 — k1Bl + k18, — Byl + Byr — Bp—1 + 8y — 1.5y
By = Boil + rrr — o vel + 1o e = el = Yo + 11 + I — k]
kv = -1l + e = kol + sy — 1l + Vg1 — o1
0 = Pl + 10nY — Vo1l + 1041 — pr Or| + PRy Or — 60| = Orgr + 0y
+0y — kicdy| + |kcdy — dp—1] + [0n+1 — krdy| + [kxdy — 6y
F0n41 = Op—1 + |6p — pry0p| + | P, 0p — p—1| + M,

= |ao| + My — pr,o + | (1 = pr,) + 2|ay|(kr — 1) + 2kro, + [ap|(1 — pr,)
—Pr, % — prBr + B |(1 = pr) + 218, |(kr — 1) + 2k1 8, + |ap| (1 — pr,) — P15y
—pn e + el (L= p) + 20| (kg — 1) + 2k + lapl(1 = pr) = prp
—pr:0r + [0:](1 = picy) + 2|6, |(kx — 1) + 2kg 0y + |ap|(1 — pry) — prybp + My

= M.

Notice that ¢"f(1/q) has the same bound on |¢| = 1 as f(q). So, by Theorem 3.2, for
lg| <1 we have |¢"f(1/q)| < M and hence |f(1/q)| < M/|q|". Replacing ¢ with 1/q we have
|f(g)| < M|q|" for |g| > 1. Hence for [q| > 1,

1P(0)*(1=a)| = |f(@)—¢" " an] = |¢" llan| = ()] = lg" llan] = Mgl = |g|"(lql|an] — M).

So if |q| > M/|ay| then P(q) * (1 — q) # 0. Therefore, all zeros of P(q) lie in |q| < M/|ay],

as claimed.
Next, consider S(q) = ¢" x P(1/q) = Z ¢"‘ay and let
=0
H(Q) = S(Q) * (1 - Q) = —aoqn+1 + anﬂ_é(az-l - az) + ay,.
=1
Then
H@ = ool = { Yl - + ol
=1
T p
= |q|""ao| — { Z lg|" a1 — ad + Z (Iq!nﬂq&el — oy
=1 l=r+1



g™ Be—1 = Bel + g™ o1 — el + g™ 01 — 5e|)

™ Z lg|" a1 — ad + |an\}

{=p+1

T
g ol ~ { S 1™ aes — adl + lg" o1 = pr)
/=1

+lg" " (g1 — pricr) + a8 (1 = pr) + " (Brr — p1, Br)

+al" (1= o) + a1 = P ) + a6 /(1 = o)
n—1

+q[" " (0r41 — pri6r) + Z (g™ ee—s — aol + g™ Ber — Bl
b=r+2

g™ e — el 4 g™ Ge1 = 6el) + g™ (kg — 1)
" ey (kr = 1) + g™ (k1B — By1) + lg|" T8y (kr = 1)
Hal" T (kg — ) + lal T T gl (R = 1) + [a" T T (kb — 6-1)
a0, (ke — 1) + g |ay| (kg — 1) + [g]" 7" (kray — an41)
+la[" "Byl (kr — 1) + |a" " (k1By — Bysa) + [a]* " |l (ks — 1)

+’Q‘nin(kai% - 'Yn+1) + ‘q‘nin’(sn‘(kl( - 1)+ ‘q‘nin(kK(Sn - 5n+1)
p—1

+ ) (gl ey = ol + "By = Bel + lal™ T yemr — el
l=n+2

g™ ey — 6il) + lal™ P (o1 — practy) + g™ Pl (1 pry)

v

Hal" P (Bpr = prBy) + 1al T PIBI( = o) + " (-1 — pa)

Hal" Pl (1= o) + 1al" TP (01 — prady) + lalTPI0I(L — o)

n
3 g — ad + |an\}.

{=p+1

Thus

[H(g)l = lqI" {|q||a0| - { D lal"lacy — ael + g Tl |(1 = pr,)
(=1

—qur(ar—kl - pR1ar) + |Q‘_T|ﬁr|(1 - ph) + |Q|_T(6r+1 - phﬁ?‘)

Hal (1= o) 4l (s — pnye) + lal 77161 (1 = piy)
n—1

gl 7 G = pri6) + D (lal' ™ Joemy — el + g1 Be—1 — Bl
{=r+2

HQ|1_Z|W—1 — Y| + |Q|1_Z|5z—1 - 5z|) + |Q|1_n(kR06n — 1)

8



+a| e (ke — 1) + gl (k1By — By=1) + lal "Byl (kr — 1)
gl kg = ) 4l (kg = 1) + lgl' " (ke dy — 6y1)
+lal' M0y (kx = 1) + |g| ™"yl (kr — 1) + g| 7" (krow — 1)
+Hal "Byl (kr — 1) + g1 (k1 8y — Byer) + g™l (ks — 1)

Hal ™ (kg = men) 4 1al7"10g| (ki = 1) 4 [a] ™" (kxedy — dy11)
p—1

+ Z (gl “lae—s — el + lgI' 181 — Bel + lal" [re=1 — el
l=n+2

+a* " 0e—1 — 0|) + la]" P (po1 — prowp) + |a]' P le| (1 — pr,)
+lal"P(Bp-1 — pBp) + al P18l (1 = p1,) + lal (Vo1 — P Vp)
g Pl (1= pa) + gl P (Op-1 — prap) + lal P10,] (1 — prs)

£ ol s — ad + mvw}]

{=p+1

For |q| > 1, and hence 1/(|¢|"*) < 1 for 0 < ¢ < n, we have

H@L = 1ol |lllol = {30+l = ) = pmac + 18101 pn) = pnf,
+e (1= p5) = pnve +16:1(1 = pr,) — pr,Or + 2kray + 2|a|(kr — 1)
+2kjﬁ,7 + 2|ﬁn|(k1 — 1) + 2k v, + 2’%,](/@] — 1) + 2I<;K6n + 2’(57,|(k:K — 1)
—PRr,Op + || (1 = pry) — pr,Bp + 8ol (1 = pry) — P Y + [ (1 = p1,)
iy 1L ) + My + el || = "ol = (O = ]+ ea))

Notice that [H(q)| = |q["(lgllac| — (M —lao| +[an])) > 0if |¢| > (M — |ac| + |an])/[ac|. Thus
all zeros of H(q) whose modulus is greater than 1 lie in |q| < (M — |ao| + |an|)/|ao|. So all
zeros of H(q) and hence of S(q) lie in |q| < max{1, (M — |ao| + |an|)/|ao|}. Therefore all
zeros of P(q) lie in |q| > min{1, |ao|/(M — |ao| + |ax]|), as claimed. O
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