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Abstract: A well-known theorem of Ankeny and Rivlin states that if

p(z) is a polynomial of degree n, p(z) # 0 for |2| < 1, then] TnaRx 1 lp(z)] <
Z|=R>

(-i-)ma.x Ip(z}]- In this paper we generalize and sharpen this, and

|z)=1
some other results in this direction.
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1. Introduction and Statement of Results
Let p(z) = Y.1_o @»2" be a polynomial of degree n, and let
llpll = max lp(z)l, M(p,R)= max lp(2).

For a polynomla,l, p(z) = Y o2, of degree n, it is well-known
and is a simple consequence of maximum modulus principle (see {12} or
[10, Volume 1, p. 137]) that for R > 1,

M(p, R) < R"|lp], (1.1)
with equality holding for p(z) = A2", A being a complex number. For a
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polynomial of degree n, not vanishing in |#| < 1, Ankeny and Rivlin [1]
proved that for R > 1,

= el (12)

The inequality (1.2) becomes equality for p(z) = X -+ pz™, where
Al = ul. |

Govil [5] observed that since the equality in (1.2) holds only for
polynomials p(z) = X + puz™, |\ = |p|, which satisfy

M(p,R)S(

1
|coefficient of 2" | = 5 lipll, (1.3)

it should be possible to improve upon the bound in (1.2) for polynomi-
als not satisfying (1.3), and therefore in this connection he proved the
following refinement of (1.2).

Theorem A. Ifp(z) = Y v ,ayz’ is a polynomial of degree n and
p(z) #0in |z| <1, then for R> 1,

] n 2 _ n, 2
M(ps R) < (R 2+ 1)”pl| - 5(”?” ”prlll | )

(B — 1)|ipll (B —Dllpll
X § et —In | 1 4 e . (1.4
{npn ¥ 2loa) o+ 2laa] ) 9
The above inequality becomes equality for the polynomial p(z) = A +
pz", where || = |u|.

This result of Govil [5] was sharpened by Dewan and Bhat [4] who

proved that under the hypotheses of Theorem A, the inequality (1.4)
can in fact be replaced by a sharper inequality

R" +1 R' =1y nf(llpll = m)? - 4lan|*
Mo, B) < (=5 ) Ipll = (75 )m‘“z"( (el = m) )

(R=1(lel=m) _ (., R=1(pl—m)
’ {Ulpll )+ Zaal (” (el -—m)+zaanl)}’ .

where m = Inluri Ip(2)|. The result is best possible and equality holds for
Zl=
the polynomial p(z) = A + uz", where |A| = |u].
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The above result of Dewan and Bhat [4] was generalized by Govil
and Nyuydinkong [7], who proved the following theorem.

Theorem B. If p(z) = ) 7_, ay2" is a polynomial of degree n and
p(z) #0in|2| < K, K > 1, then for R > 1,

M, B) < (T2 )bl - (g )m

__n_{dipll =m)? = (1 + K)?an|? X{ (B — 1) (lipll —
1+ K (llpll = m) (lpll —m) + (1 + K)|aa|

. (R - 1)(llpll - m)
! (” (Tl —m)+(1+K)|an|)}’

h = i .
where m l;?_ix}{ lp(2}]

In this paper, we prove the following generalization of Theorem B.

Theorem. Ifp(z) =ag + Y, a,2", 1 <t < n, is a polynomial of
degree n and p(z) #0 in |z| < K, K > 1, then for R > 1,

R”—i—Kt)” - (R” - 1)

M(”’R)S(Hm Ty i)™

o ((||p||-m)2—(1+m)2|an|2 y { (B = 1)(lpl| — m)
L+ K ol (Iipll = m) + (1 + K¥)]aq|

i (R = 1)(lp]) - )
: (1 T ol =m) + +Kt)1an|)} ’

here m = min .
where m IZ/‘|=K|p(z)|

Clearly, for ¢ = 1, the above theorem gives Theorem B due to Govil
and Nyuydinkong [7], which for K = 1 reduces to (1.5) due to Dewan
and Bhat [4]. Since (|[p|| —m)? — (1 + K?)?|a,|? > 0 (see Lemma 5) and
In{1 + ) < @, for £ > 0, our above theorem, in particular, gives the
corollary.

Corollary. Ifp(z) =ag+ ) o, ay2", 1 <t <, is a polynomial of
degree n and p(z) #0 in |2} < K, K > 1, then for R > 1,

e, B) < (B g - (B =Xy,
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here m = i .
wher i p(z)|

For ¢ = 1, the above corollary clearly generalizes and sharpens the
inequality (1.2) due to Ankeny and Rivlin [1]. It also includes as a
special case (taking ¢t = 1 and K = 1) the following result due to Aziz
and Dawood [2], which is a sharpening of the inequality (1.2) due to
Ankeny and Rivlin [1].

Theorem C. If p(z) = Y, _ ay2” is a polynomial of degree n that
does not vanish in |z| < 1, then for R > 1,

M, B) < (L) ol - (F ),

where m = |H|m} |p(2)|. The above result is best possible and equality
Zl=

holds for the polynomial p{z) = az"™ + 8, where |8| > |a.

2. Lemmas

We need the following lemmas.

Lemma 1. Let f(z) be analytic inside and on the circle |z| = 1 and
et ||If|| = fnfajlc]f(z)[ If f(0) = a, where |a| < || f||, then for |z| < 1,
z =

11121+ la)
7@ < (13 2 raa) I

"This is a well-known generalization of Schwarz Lemma (see for ex-
ample [10, p. 167]).

Lemma 2. Ifp(z) = Y 7 _,ay2" is a polynomial of degree n, then
for |z| =R 21,
|l + Rlax]

Rl ) PIR™

p(x)] < (

The proof of this lemma follows easily by applying Lemma 1 to
T'(z) = 2"p(1) and noting that ||} = ||p|| (see Rahman [11, Lemma 2]
for details).

From Lemma 2, one immediately gets (see Govil [5, Lemma 3]).
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Lemma 3. If p(z) = 082" is a polynomial of degree n, then
for |z| =R > 1,
(loll ~ lan)(R - 1)
p(z)| < R*(1- p|l.
PO R (L R e

Lemma 4. If p(z) = qg + dov=t 2%, 1 <t < n, is a polynomial of
degree n having no zeros in |z| < K, K > 1, then

’ n _
o'l < Ty (llp]] = m),

where m = lz?;lnr& lp(2)]-

The above lemma is due to Govil [6, p. 629] and is of interest in
itself, because it generalizes and sharpens results of Lax [8], Chan and
Malik [3, Theorem 1], Malik [9, Theorem 1], and Aziz and Dawood [2,
Theorem 2].

Lemma 6. If p(z) = ag + > vt @02°, 1 <t < n, is a polynomial of
degree n having no zeros in |2| < K, K > 1, then

an] < T loll = m). (21)

Proof. I p(z) =37 ay2®, then p'(2) = a; + 2a92 + - +na, 2",
Hence Cauchy Inequality when applied to o' (2) gives

[nas| < IIp')). (2.2)
On the other hand, by Lemma'éi;
< _n_ —1m). .
I/l < = el = m) (23

Combining (2.2) and (2.3), we obtain

n

from which (2.1) follows. O
Lemma 6. If p(z) = Do G2¥ is a polynomial of degree n and

R >1, then
(1 _ (&= nlas|)(R - 1))$

(Rz + nlay)
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is an increasing function of z, for z > 0.
The above lemma which follows by the derivative test is also due to
Govil [5, Lemma 5].

3. Proof of the Theorem

To prove the Theorem, first note that for each 8, 0 < @ < 27, we have
R . .
p(Re?) — p(e?) = / P’ (re?®)edp.
1
Hence
» . R -
p(B) ()| < [ 9 (re)lar
1

< /an_l(l_(up'n nlan|)(r 1))” dr, (5.0)
1

(rllp’ll + nlan|)

by applying Lemma 3 to p'(z), which is a polynomial of degree (n — 1).
By Lemma, 6, the integrand in (3.1) is an increasing function of ||p’]],
hence applying Lemma 4 to (3.1}, we get for 0 < 6 < 2,

S (1 _Aw=pll = m) —nlaal}(r - 1))

p(Re®) — p(e S/r
Ip(Re™) —p(")] r—Ber (ol = ) + nlan]

1
(Ipll = m)dr

"
1+ K*

_ (Ul = m) ~ (1 + KY)lanf}r — 1
(el ”‘)f ( (ol —m) + (L + K¥)an) )d’"

T 1+ Kt
= 17 e (lpll = m) j{ 7 tdr = s (Pl = m) = (1 4+ Ko
R (i = 1)(lpl) —m)
< (r(npn —m)+ (L+ Ktnanl)d‘"‘

Since by Lemma, 5, (||p|] —m) — (1 + K*)la,| > 0, we get for 0 < 0 < 27
and R > 1,

pe)-p(e)] < ST (pll-m)— -2 (Olpl=m) = (1Ko
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B r=1pl=m)
J! merwn+u+Km%J¢'
(1 " (Ol = m) - (14 K¢
=t ze (el = m) = 375 (Ul = m) = (1 4+ K)]aa)

ROl =m)+ 0+ KDl )
xﬂf@ mw~m+uwmm0d
- D (ol = ) = (1 + K

v | Uell = m) + (1 + K)|ax|
x{m ) ( (ol = m) )
1 [ Bllpll =m) + (1 + K?)ja|
(Ilpll = m) + (1 + K%)[an)

(el = m) = (1 + K%)an])

(lell = m) ~ 352

(B" —1)
_W("p" ™ - TR

x(mmrwm+wl+xﬂma)

(el = m)

S ®R=Dlpl-m) mwwwm+a+Km%0}
(ol = m) + (1 + K¥)fer] (lpll =) + (L + K an|
v (V= m) = (L Ky

(B - 1)
=Tz (vl =) - (ol —m)

5 B-D(pl-m) \_, mwwﬂm+u+Km%|}
(Ipll =m) + (L + K¥)a] (Il =m) + A+ EDaal ) |

which clearly gives

- 7 t
M@, < (Y lell
(), n (Gl = = (e
~GFE) " ITR (ol —m)
S @=0el-m) N f, (R=1pl—m)
(ol =) + (& + KO)fan] ol =) + (1 + KO)an] ) |
[

and the proof of the theorem is complete.
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