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The number of zeros of a polynomial in a disk as a
consequence of restrictions on the coefficients

ROBERT GARDNER AND BRETT SHIELDS

ABSTRACT. We put restrictions on the coefficients of polynomials and
give bounds concerning the number of zeros in a specific region. The
restrictions involve a monotonicity-type condition on the coefficients of
the even powers of the variable and on the coefficients of the odd powers
of the variable (treated separately). We present results by imposing the
restrictions on the moduli of the coefficients, the real and imaginary
parts of the coefficients, and the real parts (only) of the coefficients.

1. Introduction

The classical Enestrom—Kakeya Theorem restricts the location of the zeros
of a polynomial based on a condition imposed on the coefficients of the
polynomial.

Enestrom—Kakeya Theorem. Let P(z) =37 a;jz) be such that 0 <
ap <ay <ag <---<ap_1 <ay. Then all the zeros of P lie in |z| < 1.

There exists a huge body of literature on these types of results. For a brief
survey, see Section 3.3.3 of [8]. A more detailed and contemporary survey is
in [5].

In 1996, Aziz and Zargar [2] introduced the idea of imposing a monotonic-
ity condition on the coefficients of the even powers of z and on the coefficients
of the odd powers of z separately in order to get a restriction on the location
of the zeros of a polynomial with positive real coefficients (see their Theorem
3). These types of hypotheses apply to more polynomials than a simple re-
striction of monotonicity on the coefficients as used in the Enestrom—Kakeya
Theorem. Of course, if the hypotheses of the Enestrom—Kakeya Theorem
are satisfied by a polynomial P(z) = Z?:o ajzj, say 0 < ag < a1 < as <
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coo < ap—1 < an, then P also satisfies the hypotheses of Aziz and Zargar:
0<ap<az <ag < <agpp and 0 <a <az < -+ < ag(ny1)/2)-1-
Notice that 2|n/2] is the largest even subscript and 2| (n + 1)/2| — 1 is the
largest odd subscript, regardless of the parity of n. However, a polynomial
such as p(z) = 2 + z + 322 + 223 + 42* 4 32° + 520 + 427 does not satisfy
the monotonicity condition of Enestrom—Kakeya, but does satisfy the Aziz
and Zargar hypotheses. Therefore Aziz and Zargar’s hypotheses are less
restrictive and are satisfied by a larger class of polynomials.

Cao and Gardner [3] generalized this idea of imposing a monotonicity
condition on even and odd indexed coefficients separately and imposed the
following conditions on the coefficients of a polynomial P(z) = Z?:o a2’
where Re(a;j) = o and Im(a;) = f;:

ap < agt? < agtt < - < gt > agat® T2 > > agp 2,
a1 < agt’ < ast! <o < ag t7F > agat™ > - > ag) )12
Bo < Bat® < Bath < -+ < Bogt™ > Pogiat® 2 > > By 22

Br < Bst? < Bstt < o < Bag1t? T2 > Bagiat? > -+ > Boj(ni1yja) 1t
for some k, ¢, s,q. Again, Cao and Gardner presented results restricting the
location of the zeros of P.

In this paper, we impose these monotonicity-type conditions on the coef-
ficients of a polynomial and then give a restriction on the number of zeros of
the polynomial in a disk of a specific radius which is centered at zero. The

first result relevant to this study which involves counting zeros appears in
[11] as follows.

Theorem 1.1. Let F(z) be analytic in |z| < R. Let |F(z)] < M in the
disk |z] < R and suppose F(0) # 0. Then, for 0 < § < 1, the number of
zeros of F in the disk |z| < R does not exceed

1 o M
log1/6 ° [F(0)]

Notice that in order to apply Theorem 1.1, we must find max,<r [F(2)].
Since this can be, in general, very complicated, it is desirable to present
results which give bounds on the number of zeros in terms of something
more tangible, such as the coefficients in the series expansion of F. With
the same hypotheses as the Enestrom—Kakeya Theorem, Mohammad [9] used
a special case of Theorem 1.1 to prove the following result.

Theorem 1.2. Let P(z) = Z?:o ajz) be such that 0 < ap < a1 < ag <
< ap—1 < ay. Then the number of zeros in |z| < 1/2 does not exceed

1 Qap,
1+—1 — .
+log2 Og<ao>
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Theorem 1.2 was extended from polynomials with real coefficients to polyno-
mials with complex coefficients by Dewan [4, 8]. Using hypotheses related to
those of Theorem 1.2, Dewan imposed a monotonicity condition on the mod-
uli and then on the real parts of the coefficients. Her results were recently
generalized by Pukhta [10] who proved the following two theorems.

Theorem 1.3. Let P(z) = Y7, a;jz) be such that |arg(a;)—B| < a < /2
for 0 < j < n and for some real o and B, and let 0 < |ag| < |a1] < |ag] <
o <ap—1| < |an|. Then, for 0 < < 1, the number of zeros of P in |z| < §
does not exceed

1 | ]an|(cosa+sina+1)+2sina2?:_& |ajl
log1/5 ° a0l ‘

Theorem 1.4. Let P(z) =37 a;jz) be such that |arg(a;)—B| < a < /2
for 0 < 5 <n and for some real o and B, and let 0 < g < a1 < ag < -+ <
an—1 < an. Then, for 0 < 6 < 1, the number of zeros of P in |z| < § does

not exceed "
1 log 2(an + > 1o |Bkl)
log 1/5 o]

In a result similar to the Enestrém—Kakeya Theorem, but for analytic
functions as opposed to polynomials, Aziz and Mohammad [1] imposed the
condition 0 < ap < tag < -+ < thay, > tk+1ak+1 > --- on the real parts
(and a similar condition on the imaginary parts) of the coefficients of ana-
lytic function F'(z) = 3772, ajz’. Gardner and Shields [6] used this type of
hypothesis to prove the following three results.

Theorem 1.5. Let P(z) = Y0, ajz) where, for some t > 0 and some
0 < k < n, we have 0 < |ag| < tlay| < t?|ag] < -+ < tF Yag_1| < tFlay| >
tFHagq| > -0 > " Yap_1| > t"|an| and |arg(a;) — B < o < 7/2 for
1 < j <n and for some real o and B. Then, for 0 < § < 1, the number of
zeros of P in the disk |z| < dt does not exceed

M
“log1/6 % Jaol’
where

M = (|ao|t + |an|t"™)(1 — cosa — sina)

n
+ 2|ag |t cosa + 2sina Z |a; |t
j=0
Theorem 1.6. Let P(z) =", a;jz) where Re(aj) = aj and Im(aj) = f3;
for 0 < j < n. Suppose that, for some t > 0 and some 0 < k < n, we have
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0 # ap < tag < t2ap < - < "M layy < thoy > FHlagyy > - >
t" o, 1 > t"a,. Then, for 0 < § < 1, the number of zeros of P in the
disk |z| < 0t does not exceed C, where M = (|ag| — cg)t + 2axt* 1 + (Ja,| —
Q) 23 |8l

Theorem 1.7. Let P(2) =37, a;jz) where Re(aj) = aj and Im(a;) = B;
for 0 < 5 < n. Suppose that, for some t > 0 and some 0 < k < n, we
have 0 # ap < tag < 2oy < -+ < tF oy < thay > Rl > 0 >
t"Lay,_1 > "y, and, for some 0 < ¢ < n, we have By < B < 2Py < -+ <
By <8 >t By > - = " By > "B, Then, for 0 <6 <1,
the number of zeros of P in the disk |z| < 0t does not exceed C, where M =
(lao| =0 ) t4-200t "+ (|| — 0 )t 1+ (| Bo | — Bo )t +286t T 4+ (| B | — B )™

The purpose of this paper is to put the monotonicity-type condition of
Cao and Gardner on (1) the moduli, (2) the real and imaginary parts, and
(3) the real parts only of the coefficients of polynomials. In this way, we
give results related to Theorems 1.5, 1.6, and 1.7, but with more flexible
hypotheses and hence applicable to a larger class of polynomials.

2. Results

We now present three major theorems, as described above, and several
corollaries. First, we put the monotonicity-type condition on the moduli of
the coefficients.

Theorem 2.1. Let P(z) = Z;L:o a;z?. Suppose that, for some t > 0,
for some nonnegative integer k, and some positive integer s, we have 0 #
lao| < laolt? < |aglth < -+ < gkt > |agpio|t?*H2 > o0 > |612Ln/2j\152m/2J

and la1] < laglt? < Jasltt < -0 < Jags [t > agea [t > - >
\agL(nH)/QJ,l\t%”ﬂJ. Then for, 0 < § < 1, the number of zeros of P in the
disk |z| < 0t does not evceed C, where M = (lag|t?® + |ai|t3+

|an 1 [t + |an [t"72) (1 — cos a — sin @) + 2 cos a(|ag 1212 4 age 1 [t25T)+
2sina 7 |aj |t7+2,

When ¢t = 1, Theorem 2.1 yields the following corollary.

Corollary 2.2. Let P(z) = Z?:o ajz). Suppose that, for some nonnega-
tive integer k and some positive integer s, we have 0 # |ag| < |az| < |as4| <
- < lagk| > agkge| = o0 > agpnyz)l and |ai| < ag] < las| < -0 <
lags—1] > |agst1] = -+ > |ag|(ny1)/2)—1]- Then, for 0 < § < 1, the number of
zeros of P in the disk |z| < 0 does not exceed C, where M = (|ag| + |a1| +
|an—1] + lan|)(1 — cosa — sina) + 2 cos a(|agy| + |azs—1]) + 2sina Y37 |aj].

Next, we put the monotonicity-type condition on the real and imaginary
parts of the coefficients.
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Theorem 2.3. Let P(2) =37, a;jz) where Re(aj) = aj and Im(a;) = f3;
for 0 < j < n. Suppose that, for somet > 0, for some nonnegative integers
k and s, and some positive integers £ and q, we have

0% ap < ast? < agt? <+ < agpt®™ > ot 2 > > a0 2,
a1 < agt? <astt <o <agg 127 > 042£+1752g > 2 OézL(n+1)/2J—1t2Ln/2j,
Bo < Bot? < Bat? < - < Post® > Pagiat®® T2 > o > By 21,

B1 < Bst® < Bstt <o < Bag1t? T2 > Bagiat? = -+ > Boj(ny1yjey ittt
Then, for 0 < § < 1, the number of zeros of P in the disk |z| < 6t does not
exceed C, where M = (Jag| — ao + |Bo| — Bo)t? + (la1| — a1 + |B1] — B1)t3 +
2(opt® 2 4 qugp_ 1t + Bost? 2 4 Bog 129 ) + (la—1| — 1 + | B | —
/Bn—l)tn+1 + (‘an’ —an + |Bn’ - Bn)thrQ-

With £ =1 in Theorem 2.3, we have

Corollary 2.4. Let P(z) =37, a;jz) where Re(aj) = aj and Im(aj) = B;
for 0 < j < n. Suppose that, for some nonnegative integers k and s, and
some positive integers £ and q, we have

O0Fap<ag<ag<-<agp > Qogya > 0 > Qo2

ap Sog <o <SS Qgeel 2 Q4] 2t 2 Q[ (t1)/2] -1
Bo<P2<PBa<-- < Pas > Posra > = Bapnyas
P < B3 <fB5 <-- < Pag-1 2> Pag+1 = 0 = Bof(ng1)/2)—1-
Then, for 0 < § < 1, the number of zeros of P in the disk |z| < § does not
exceed C, where M = (|ag| — oo +|5o| — Bo) + (Jar| —aa + 51| — B1) +2(aar +
Qop—1 +525+52q—1)+(|05n—1|_an—1+|5n—1|_Bn—1)+(|0‘n|_an+|ﬁn|_5n)‘
By manipulating the parameters k, ¢, s, and ¢ we easily get eight corol-

laries from Corollary 2.4. For example, with k = s = [n/2]| and { = ¢ =
|(n+1)/2], we have

Corollary 2.5. Let P(2) =37, a;jz) where Re(aj) = aj and Im(aj) = B;
for 0 < j <n. Suppose that
O0Fap<ar<ays << g, a1 <ag<as < < Qg (ng1)/2)-1
Bo<Ba<Pa<- < Bz B1<P3< B <o < Bo(ng1)/2)-1-
Then, for 0 < § < 1, the number of zeros of P in the disk |z| < § does not

exceed C, where M = (|| — ao + |Bo| — Po) + (loa| — a1 + |B1] — B1) +
(|Oln71| +ap—1 + ’ﬁnfll + ﬁnfl) + (|an| + apn + ‘ﬂn| + ﬁn)

With £ = [n/2], £ = 1, and each a; real in Corollary 2.4, we have the
following result.
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Corollary 2.6. Let P(z) = Z?:o ajz’ where a; € R for 0 < j < n.
Suppose that

0#ap<ay<ag<---<agy, @1 2>a32>0a52> > Ay|(n41)/2]—1-
Then, for 0 < 6 < 1, the number of zeros of P in the disk |z| < & does not
exceed C, where

M = |CL0’ —ao+ |al‘ + a1+ 2a2[”/2J =+ |an71| —ap—1+ ’an| — Qp.

Example 2.7. Consider the polynomial P(z) = 1 + 10z + 222 + 023 +
32 + 025 4+ 425 4+ 027 + 82%. The zeros of P are approximately —0.102119,
—0.872831, —0.629384 + 0.855444:, 0.22895 + 1.05362¢, and 0.887908+
0.530244i. Applying Corollary 2.6 with § = 0.15 we see that it predicts
no more than 1.888926 zeros in |z| < 0.15. In other words, Corollary 2.6
predicts at most one zero in |z| < 0.15. In fact, P does have exactly one
zero in |z| < 0.15, and Corollary 2.6 is sharp for this example.

Theorem 2.8. Let P(z) =7, a;jz) where Re(aj) = a;j and Im(a;) = f3;
for 0 < j < n. Suppose that, for somet > 0, for some nonnegative integer k,
and some positive integer £, we have

0# ap < aot? < agt <+ < agpt®™ > ot > > a0 22,

o < agt? < ast? <o- < ag 77 > aget? > > a2
Then, for 0 < & < 1, the number of zeros of P in the disk |z| < 0t does not
exceed C, where M = (Jag| — ap)t? + (Ja1| — a1)t? + 200 t2F 2 + gy 1 21 +
(lan—1] = an—)t"! + (Jan| — @ )t"+2 + 2 Z?:o |B;]t7+2.

With ¢ = 1 in Theorem 2.8, we get the following corollary.
Corollary 2.9. Let P(2) =37, a;jz) where Re(aj) = aj and Im(aj) = B;

for 0 < j <mn. Suppose that, for some nonnegative integer k and some posi-
tive integer £, we have

0#Fap<az<ag < - <o > Qg2 > > Qgp)2)s
ap Sog <o S S gpol 2 Qb 20 2 Q) (nd1)/2] -1
Then, for 0 < 6 < 1, the number of zeros of P in the disk |z| < § does not
exceed C, where M = (|ag| — ap) + (loa| — a1) + 200k + agr—1 + (Jan—1| —
an-1) + (|lan| — an) + 22?:0 1851

3. Proofs of the results
The following lemma is due to Govil and Rahman [7].

Lemma 3.1. Let z,z' € C with |z| > |Z/|. Suppose that |argz* — ] <
a <m/2 for z* € {z,2'} and for some real o and B. Then

|z — 2| < (|z] = |2']) cosa + (|z| + |/]) sin a.
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We now give proofs of our results.

Proof of Theorem 2.1. Define

n
G(z) = (t*=2*)P(z) = t2a0+a1t2z+2(ajt2—aj_g)zj —ay 12" —a, 2"
=2

For |z| = t, by Lemma 3.1, we have

n
G(2)| < aolt? + |ar[t* + " lajt® — aj_olt! + |an_1 [t + |an[t"+2

j=2
2k 2[n/2]
= |ao‘t2 + ]al\tg + Z \ath — aj_2|t3 + Z ]ajtz — aj_glt]
=2 j=2k+2
j even J even
2s—1 2| (n+1)/2]-1
+ Z |ajt2 — aj,2|t] + Z |ajt2 — a]’,2|t]
j=3 j=2s+1
7 odd 7 odd

+‘an_1’tn+1 + |an|tn+2
|lag|t? + |aq |t

2k A
+ 3 (U0l ~ lajl) cos @ + (laj—a| + |a;|?) sina}?

j=2
j even

2[n/2]
+ > {(laj—2| — la;[t*) cos a + (Jaj | + |a;[t?) sin a}t!

j=2k+2
J even

2s—1
+ 3 {4yl —laj-2)) cos @+ (laj-s| +|a; 1) sina}t

i=3
7 odd

2| (n+1)/2]—-1 ‘
3 {(lajal — lagl?)y cosar+ (lajal + la|?) sin )

j=2s+1
j odd

+an—1|t"T + |an |t
= lao|t* + |a1|t* — |ao|t? cos o + |agy]
2k—2 .
+‘a2k|t2k+2 sina + 2sin« Z |aj|t7+2 + |a2k|t2k+2 COS v

IN

t22 cos a 4 |ag|t? sin

Jj=2
Jj even

—laz|n 2 1t217/2142 cos a+ |agy|t2FH2 sin a+tlag|n/2 |t2/2042 i o
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2n/2]—2
+2sin a Z la;[t7T2 — |ay|t3 cos a + |ags—1|t** T cos a

j=2k+2
J even

25—3
+|ay[t3 sina + |ags_1|t** T sin o + 2sin Z |a;[t7T2

Jj=3

j odd
Hlags 1 [t cos @ — |ag) (1) /o)1 [P cos @
+]a25_1|t25+1 sina + |a2L(n+1)/2J_1|t2t(n+1)/2j+1 sin «

2| (n+1)/2]-3
+2sin « Z |a;[t712 4 |ap—1 [t" T + |an |t
j=2s+1
j odd
= Jag|t?(1 — cos a4 sin ) + |a1 [t3(1 — cos o + sin @)

42| agk |[t** 2 (cos a + sin a) + 2|ags_1[t* T (cos a + sin )

2k—2 2(n/2)—2
+2sin o g |aj[t/ T2 + 2sina g |a;[t/ 2
j=2 j=2k+2
J even j even
253 2[(n+1)/2]-3
+2sina E |a;[t! T2 + 2sina g |a;|t7 T2
j=3 Jj=2s4+1
j odd j odd

+an_1|t" (1 = cosa + sina) + |ay[t"T2(1 — cos a 4 sin a)
= (|ao|t® + |ar|t® + |an_1[t" T + |an|t"?)(1 — cosa — sina)
n
+2 cos af|agp [t + |ags_1[t*71) + 2sin e Y Ja, [t

=0
= M.

Now G(z) is analytic in |z| < ¢, and |G(z)| < M for |z| =t. So by Theorem
1.1 and the Maximum Modulus Theorem, the number of zeros of G (and
hence of P) in |z| < §t does not exceed C. The theorem follows. O

Proof of Theorem 2.3. Define G(z) = (t* — 22)P(z). For |z| =t we have

G(2)| < (laol + [Bo])# + (Jaa| + [B1)E° + D ot — aija|t!
j=2

n
+ 3 18jt* = Bj-alt! + (lan—1] + [Baa D" + (|an| + |Ba])"
Jj=2
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2[n/2]
(laol + 1Bo))t* + (Jou| + |B1])E2 + Z lajt? — aj_a|t!
i éje?n
2[(n+1)/2]-1 2[n/2]
+ Y et gl + Y |8t~ Bt
Jj=3 j=2
Jj odd J even

2| (n+1)/2]-1

117

+ Y 188 = Bi—alt! H(lan—a |+ 18—t D"+ (o] + | Ba )

j=3
7 odd
(\aol +1B0l)t* + (Jaa| + (81 )t
2|n/2]
- Z (o5t® — o)t + Y (g — ayt?)t!
= j=2k+2
7 even J even
20—1 ‘ 2|(n+1)/2]-1 A
+ Z (Oéjt2 — )t + Z (aj—g — 04]'752)15]
i=3 j=20+1
j odd j odd
2[n/2]
+ Z B]t - /Bj 2 tj + Z ﬂ] 2 — B]t2)
j=2 j=2s5+2
J even J even
2g—1 2| (n+1)/2]-1
+ Y BBt + Y (Ba = Bt
Jj=3 j=2q+1
J odd j odd

+(Jan—1| + 1Bat DE"T + (Jaw| + [Bn])t" 2
(lowo] + 1Bo)t? + (Jou| + |B1])E?

20—-1 20—1

+ Z a; 2 Z Q- ot)

J odd J odd

2k 2k 2[n/2] 2[n/2]

+ E Oéjtj+2 — Z Ozj,QtJ + Z Oéjfztj — Z Oéjt]+2
. j . j ]::2k+2 ]::2]@-‘,—2
J even J even J even J even
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2| (n+1)/2]-1 2| (n+1)/2]-1
+ S aati = > it
j=20+1 j=2041
J odd J odd
2s 2s 2|n/2] 2|n/2]
T BT 3 Bt || X Bt = 3 BT
j=2 j=2 j=2s+2 j=2s+2
j even j even J even J even
2q—1 2q—1
+| D BT Y Bat!
=3 7=3
7 odd j odd
2[(n+1)/2]-1 2[(n+1)/2]-1
1 DR =D DI L
Jj=2q+1 Jj=2q+1
j odd 7 odd
+(lan—1] + [Ba-1 D" + (o + [Bal)t"
= (Jao| — a0 + [Bo| = Bo)t? + (|| — a1 + |Br| — Bu)t?
+(’an—1| —Qp-1+ |Bn—1| - /Bn—l)tn_‘—1 + (‘an| —ap+ |Bn| - Bn)tn+2
= M.
The result now follows as in the proof of Theorem 2.1. O

Proof of Theorem 2.8. Define G(z) = (t* — 22)P(z). For |z| =t we have

|G(2)]

<

n
(lowo| + [Bo))t* + (Je| + [Ba])t® + Z |ajt? — aj_olt!
=2

+ ) (1B +185—2Dt + (Jan—1 |+ 1Bt )" 4 (Jn| + [Ba )"+

j=2
2|n/2]
(|ao| + [Bo))t? + (e | + |8t + Z |ajt2 — aj_o|t!
i é:ezn

2| (n+1)/2] -1

n
+Y eyt =yt + ) (1818 + 182 )P
j=3 J=2
7 odd
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+(|an—1] + 1Bac1 DET + (Jau| + [Ba] )"

2k
= (laol + [Bo])# + (Jaa| + B + D (ajt® = aj2)t/
i éjeQn
2|n/2] 20—1
+ Z (j—g — ath)tj + Z (Oéjt2 - ogj72)tj
j=2k+2 Jj=3
7 even j odd

2| (n+1)/2]—-1

n n
+ Y (gt Y (BT Y Bl

j=20+1 7j=2 j=2
7 odd

+(Jan—1] + |Bact DE"T + (Jau| + [Bn] )" 2
= (Jao| + |Bo)t* + (x| + [B1])t?

119

2k 2k 2[n/2] 2[n/2]
+ Z Oz]'t]+2 — Z aj72tj + Z Oéjfztj — Z Oéjt]+2
=2 j=2 j=2k+2 j=2k+2
J even J even J even J even
20—1 20—1
+ Z Oéjlfj+2 — Oéjfgt]
j=3 j=3
j odd 7 odd
2| (n+1)/2]-1 2| (n+1)/2]-1 n n—2
j j+2 j+2 j+2
+ Yoooageti— Y a5
j=2£+1 j=20+1 j=2 7=0
j odd j odd

+(Jono1] + Bt DE + (Jan| + | Bal "
= (‘Oéo| — Oéo)tz + (|Oé1‘ — Otl)ts + 20&2kt2k+2 + Oézg_lt%—H

n
+(Jan—1] = anfl)tm_l + (Jan| — an)tn+2 + QZ ‘ﬁj|tj+2
7=0
= M.

The result now follows as in the proof of Theorem 2.1.
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