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Let P(z) = a, 112, (z ~ 2,),a, # 0 be a polynomial of degree n. It is known
that if [z = K, = 1,1 = v = n, then for p = 1,

([ 1entr ao)” <nr, 2 peeoie an) ",

where

- . tip
Eyo=d2n/ [Tl + e do}
e 0

and

i 1 -
1+n/ —_— ifK,>1forallv,1=v=n
ty = E"‘1(1'(., ~1)
1

iftK,=1forsomev,1 =v=n

This inequality is best possible in the case K, = 1, 1 = v = n, and equality
holds for the polynomial (z + 1) In this paper, we extend the above inequality
to values of p € [0, 1) and thus conclude that this inequality in fact holds for all
p = 0. ©1995 Academic Press, Inc.
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1. INTRODUCTION AND STATEMENT OF RESULTS

Let %, be the set of all polynomials (over the complex field) of degree
less than or equal to n. For P € &, deline

[Pll. = max|P(z)],

<

1 1= ] Lp
121, = (E fo [P de) for 0 < p < oo,

and

_ _L 2 it
1Pl = exp (5 [ 10g (e o).

A classical result of Bernstein [2] states that if P € P, then
12"l = 7l PY]. (1.1)
Also it is known (see Zygmund [9] and Arestov [1]) that if P € P, then
1P, =nalpPl,, O=p=c (1.2)
with equality if and only if P(z) = Az", A € C.
If a restriction is put on the location of the zeros of P, then the bound

in (1.1) and (1.2) can be improved. If P €®, and P(z) # 0 for |z} < 1 then
(see Lax [7] and DeBruijn [3])

, n
1P’ll = 5 12 (1.3)
and
i <Pl
i ”psm-, l=p=o. (1.4)
P

Rahman and Schmeisser [8] proved that if P € @, and P(z) # 0
for |z] < 1 then (1.4) holds for p € [0, 1) as well. This result is best possible
with equality holding for P(z) = (1 + z)".

As a generalization of an inequality due to Govil and Labelle [5] and of
inequality (1.4) due to DeBruijn [3], Gardner and Govil [4] proved
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Tueorem A, If P(z) = a, 2., (z — z,), a, # 0 is a polynomial of
degree n, |z, = K, = 1,1 = v < n, then

n
P, = ———|P|,, 1=p=co, 1.5
” ”.r ”&)"‘Z”,, ” ”; P ( )
where
M 1
1+n —— ifK,>1forallv,l1=v=pn

1 ifK, =1 forsomev,|l =v=n.
The result is best possible in the case K, = 1,1 < v =< n, and equality holds
for the polynomial (z + 1)".

The aim of this paper is to prove that the above inequality (1.5) in fact
holds for 0 = p = «. We prove

THEOREM. Under the hypotheses of Theorem A,

, n
1Pl = m“f’”p, 0=p=o, (1.6)

where tg is a& in Theorem A. The result is best possible in the case K, =1,
1 = v = n, and equality holds for the polynomial (z + 1)".

2. LEMMAS

The following lemmas will be needed.
LemMA 1. If P € P, and P(z) 5 0 in a closed or open circular region
D, then
nP(z) = (2 = HP'(2) #0 (2.1)

| forz € D and { € D. Here, by a closed circular region, we mean the closed
interior (or exterior) of a circle or a closed half-plane. An open circular
region is analogously defined.

The above lemma is due to Laguerre [6)].
For v = (y0, Y1, s ¥u) € C**! and
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P(z)=> az" €P,,

=0

define
AP(z) = X veaz".
1r={}

The operator A, is said to be admissible if it preserves one of the follow-
ing properties:

(i} P(z) has all its zeros in {z € C:|z] = 1},
(ii) P(z) has all its zeros in {z € C:|z| = 1}.

Lemma 2 [1, Theorem 4]. Ler ®(x) = ¥(log x), where WV is a convex
nondecreasing function on R. Then for all P & P, and each admissible

operator A,
[; 2U8,P(e)) do = [ d(c(y, mIP(e)) do, (22)

where c(y, n) = max(lyol, [yal)-

In particular, Lemma 2 applies with ®:x — x? for every p € (0, ®) and
with @ :x — log x as well. Therefore, we have

”ATP”p = c(y, n)”P“p: O=sp<o, (2-3)

We also need the following result due to Gardner and Govil [4, Lemma 2].

Lemma 3. Let P(z) = a, It (z — z,), @, # 0, be a polynomial of
degreen. Ifiz,| = K, = 1,1 = v = n,and Q(z) = z{P(1/z)}, then for|z| = 1,

o =0, (2.4)

where ty is as defined in Theorem A. It is clear that t, = 1.

LemMA 4. Let z be complex and independent of o, where « is real. Then
forp >0

2n , 20, .
jo 11+ ze™ dov = JQ e + |z| |7 dex. (2.5)
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Proof. We can suppose that z = re” with r > 0 and vy real. Putting
¥t a = @, the left side of (2.5) is

b . 21 ,
= J.s ll + }.el(vhv)]h do = f vy II + rer[i’p dB
¥
27 . . . ]
= f , |1+ re®”dB,  because (1 + re) has period 2 in 8
2 . 2
- f() I(B"’” + r|p dB = J‘() |g'!3 + r‘p dg,

from which (2.5) follows.

LEmMMA S, Let n be a positive integer and 0 < p =< . Then for ; complex,
1+ 2", =11 + 2], (2.6)

Proof.  Note that for 0 < p < o0, the left side of (2.6) is

T , Up nm . Vp
- (-1-" [+ empe de) - (—1— [ 11+ e d@)

2mwJo 2nmlo
1 2l oy . Vp
= | — + id|p
(an;) e 1+ &7 de

T 12 . lp .
N (EE f o L dﬁ) ,  because (1 + ¢*) has period 27 in 6,

from which (2.6) follows for 0 < p < co. The case p = o is trivial. To
obtain (2.6) for p = 0, simply make p — 0+.

3. PrROOF OF THE THEGREM

Since by Lemma 5, [1 + z7, = |1 + ||, for p = 0, hence if K, = 1 for
some v, 1 = v = n, our theorem reduces to the result of Rahman and
Schmeisser [8] which holds for p = 0. Therefore for the proof of our
theorem, it is sufficient to consider the case when all the zeros z, of P(z)
-satisfy |z,| = K, > 1 for 1 = v =< n. This, in view of Lemma 1, implies that
nP(z) — (z = HP'(z) # 0 for |z] = 1 and |¢{| < 1. Now setting { = —ze™™,
o real, one can easily verify that the operator A defined by

AP(z) = (e + 1)zP'(z) — ne“P(z)

is admissible and so by Lemma 2,
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P

do=n ["|PEemPdo  (3.1)

AP d ? L D i
f” ‘(e"’ +1) EP(EU) — ine™P(e")

for p > 0, which is equivalent to

J’Z:r
0

and which gives

J‘2rrj‘2.‘.'
0 JO

p
,‘f_{“ il i _ﬁl_ imo_ it , [27 Sl |
S P(e) + e {de P(e?) — inP(e?) (| do=nr [ |Pe)p db

P

dodo: = 2mn? [ |P(en)P db.

A opeginy 4 il & peimy m}
dﬁP(e )+ e {d@P(e } — inP(e")

(3.2)

Note that by hypothesis # = 1, so P(z) is not a constant, and thus (d/d8) P(e")
# 0. Therefore the left side of (3.2) is

_ | d | (2 ]y 4 e [(@AOPED) — inP(en)] |
2 = P(e") /: 1+e{ PTG de do

2

iy __ it
(d/dO)P(e'?) — inP(e®) do do

(d1d6)P(e)

Iy fasren] [ e

by Lemma 4

Jrlisren| 17

where Q(z) is as defined in Lemma 3

Q'(e)] | do d8

i + _
TP

P
27 | o . 2 .
= = P(e") [2let+ wle da e,

by Lemma 3 and the fact that e + r| is an increasing function of r for r =
1. The above inequality when combined with (3.2) gives

(f:

from which the theorem follows for p > 0.
To obtain the inequality when p = 0, simply make p - 0+.

r
d@) ( [7 e+ wle da) =2m* [ |P(e)e dé,

A pio
7o7 ()
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If K, =1 for some v, 1 = v = n, our theorem reduces to the theorem

of Rahman and Schmeisser [8] which is best possibie and for which equality
holds for the polynomial P(z) = (z + 1)
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