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Abstract: If f(z) is an entire function of exponential type, h;(7/2) = 0 and f(z) # 0 for
Im(z) > 0 then according to a well-known result of R. P. Boas, for —co < 2 < 00, we have

1f'(z)) < %-o:élf@o |f(z}|. R. P. Boas proposed the problem of obtaining an inequality

-analogous to this if f(2) # 0 for Im(z) > &, k being real and the answer to this question in

the case k < 0 was given by Govil and Rahman. In this paper we present generalizations of

these results of Govil and Rahman.
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1, Introduction and Statement of Results.

An entire function is said to be of exponential type 7 if it is of order less than 1 or it is

of order 1 and type less than or equal to 7. We will denote this class of functions by &,. For

f e &, define || f]| = ) sgp< |f(z)

. The indicator function hy(8) of f is-defined by

il
hy(0) = limsupl—OM.

=00 r

A classical result of Bernstein (see Boas (2, p. 206)) states that if f € & and if |f|f = I,
then
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(1.1) I <

Boas {3] proved that if Ay (%) = 0 and f(z +dy) # 0 for y > 0, then (1.1) can be
replaced by
(12) F@) < 5

In connection with the inequality (1.2), Professor R. P. Boas proposed the following
problem: “If f(z) is an entire function of exponential type r such that |f(z)| < 1 for all real
z, hy(n/2) = 0 and f(z +14y) # 0 for y > k, then what is the bound for |f'(z)|?” For & = 0
the answer should reduce to {1.2).

In the problem proposed by Professor Boas, the hypothesis “f(z + iy) # 0 for y > &”
is stronger than the hypothesis “f(z + dy) # 0 for y > 0” if &£ < 0, but surprisingly as has
been shown by Govil and Rahman {7] the improvement over {1.2) is not possible. However
with some additional hypotheses it is possible to improve (1.2) and this has been done in

the following results due to Govil and Rahman (7).

THEOREM A. Let f(z) be an entire function of ezponential type 7 having all its zeros on
Im(z) =k < 0. Ifhy(n/2) =0, hp(r[2) = —c < 0, and |f(z)| < 1 for real z, then

T

(1.3) Viz)| < T ool T exp(alF])’ —00 < z < 0o.

THEOREM B. Let f(z) be an entire function of exponential type T having all its zeros in
Im(2) Sk <0 If hy(mf2) =0, hp(n/2) = —c < 0, and also Ay (n/2)} < —¢ < 0 where
wlz) = e {f(2)}, then [f(z)] <1 for real x implies (1.3).

exp(icz) — exp(—ck)) e
is

Both the above results are sharp and the function f.(z) = ( 1T exp(—ck)
exp{—c¢

extremal for both Theorems A and B.

DEFINITION. For f € &, we define with respect to a complez number (, the function Delf]
as De[f] = 7f(2) +i(1 ~ () f(2).

Delf(2)]

This definition is due to Rahman and Schmeisser [11]. Note that (lim = —if'(2).

¢

In this paper we generalize the above two theorems of Govil and Rahman [7] by proving:

THEOREM 1. Let f(z) be an entire function of order 1, type less than or equal to T,
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hy (g) = 0, hpn (g“) < —c < 0, |fll = 1, and suppose f(z) has all its zeros on

Im(z) = k < 0. Also suppose that the order and type of [ and D¢[f] are the same. Then

(1.4 1D < gD

where (| = 1.

Since f and D¢[f] can neither be of different orders nor of different types (if of the same
order) for large ¢, hence if we divide both sides of (1.4) by || and make ( — oo we get
Theorem A in the case f is of order 1 and type less than or equal to 7. The case of Theorem
1 when f is order less than 1 follows trivially because in that case f must be a constant.
Note that an entire function of order less than 1 cannot be bounded on any line unless it is
a constant,

As a generalization of Theorem B, we can prove

THEOREM 2. Let f and D¢(f] be entire functions of order 1 and type T such that hy (g) =

0, hp (—g) <= <0, |Ifll =1, ko) (g) < —c < 0 where w(z) = 7 f(2Z). If f(2) has
all ils zeros in Im(2) < k <0 then

(¢l +1)

(1) 1D < S

where (| = 1.

To obtain Theorem B from Theorem 2, just divide both sides of (1.5) by }¢| and make

¢ — oo.

2. Lemmas.

LEMMA 2.1. Let f € & where 7 > 0 and hy (;_r) = 0. Let H denote the (open or closed)
upper half plane. If f(z}) #0 for z € H, then D [f(2)] #0 for 2 € H and (] < 1.

Lemma 2.1 is due to Rahman and Schmeisser {11].

If we apply Lemma 2.1 to the function ¢ f(Z), then we easily get

LEMMA 2.2. Let f € & where 7 > 0 and k) (_7”) = 7. Let L denote the (open or closed)
lower half plane. If f(2) # 0 for 2 € L, then D [f(2)] # 0 for z€ L and || > 1.
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As a consequence of the Phragmen-Lindeldf Theorem (see, for example, p. 3 of (2]}, we

have ((6.2.4) of (2], also [4], [9], and [10]):

LEMMA 2.3, If f € &, b (g) < cand ||f]| S M, then for every = with y = Im(z) > 0,
[f(2)] < Mee.

LEMMA 2.4. If f is an entire function of order 1, type 7, ||f|| = M and hy ( ) <0, then
hf ( 211‘) =T.

PROQF. Let g(z) = e""*/2f(z). Then h, (g) < 2 and b, ( )
a result of Boas (see p. 82, line 14 of [2]), gives

T

5 which on applying

(2.1) lhg(0)] < Z|sin 6] for all 6.
Since h,(6) > 321 + hy(B), we get by (2.1) % > —21:|sin9| > _TT + hy(), which implies
hy(8) < 7 for & # :J:g. But by hypothesis A; (%) < 0 and f is of type 7 and hence

()= -

The following four lemmas are due to Gardner and Govil [5].

LEMMA 25, Let [ € &, h; (ZQE) =1 h (g) <0, and f(z) # 0 for Im(2) < 0. Then
[f(2)] 2 |w(z)] for Im{z} < 0 where w(z) = &% f(Z).

LEMMA 2.6, Let f € &, h; (32-’1) =1 k (g) <O, fll = M and [f(z)] > w2} for

Im(z) <0 where w(z) = €™ f(Z). Then for || > 1, Bo( )= af(2) (—Tﬁ) =T

LEMMA 2.7. Let f € &, with ||f|| = 1 and h; (g) = 0. Then for any = with Im(z) = y < 0
and |C] 2 1, we have [ D¢[f(2)]] + [Delw(z)]| < 7 (iC|€T'y' + 1) , where w(z) = e f(3).

LEMMA 2.8. Let f € &, hy (g) =0, I/l =1 and f(z) # 0 for Im(z) > 0. Then
DS < 2 (IGle™ 1) fory = Im(z) < 0 and |¢] 2 1.

LEMMA 2.9. Let f € &,, h; (g) =0, |/l = M and f(z) # 0 for Im(z) > k > 0. Then for
—oo <z < oo, and |(| = 1, we have [Dc[f(x)]| < e ¥ D¢ [w(z —2ik)]| where w(z) = e f(3).
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PRQOF. Let F(z) = f(z+ik). Then F(z) # 0 for Im{z) > 0. Further, if Q(z) = ¢ F(Z) =
¢huls -ik), then Q(2) # 0 for Im(=) < 0and ho (=) =7 +by (5 ) = 7 and ha (3 ) =
—7+h; (l;—) < 0. So by applying Lemma 2.5 to 0(z), we get |Q(2)] = |F(2)} for Im(2) < 0.
So for any & such that la| > 1, F(2) — ofi(2) # 0 in Im{z) < 0. Also, applying Lemma
2.3, we see that ||Qf] < M (note that ||| = ||F]| = sup |f(z + k)] < M because by
Lemma 2.3 |f(2)] < M for Im(z) > 0) and so we c:r?i;;cl)y Lemma 2.6 to Q(z) to get
b)) (_;—”) — 7. Applying Lemma 2.2 to F(z) — af)(z), we get D [F(z) — af(z)] # 0
for Im{z) < 0 and |¢| > 1, which implies that [D¢[F(2)}| < |D¢[Q(2)]] for Im(z) < 0 and
|c] > 1. In particular we have for —oo < & < oo |D¢[F(x — tk)]| < |D¢[Qz — k)], which
implies | D¢[f(2)]] = |D[F(z — ik)]| < | D[z — ik)]| = 77| Delw(z — 2ik)]). |

LEMMA 2.10. Let f € &, hy (—_EE) =1, |/ = M, and suppose f(z) has all its zeros in
Im(z) = k 2 0. Then for —co < z < co and || > 1, we have e™™[Dcfw(z — 2ik)]| <
\D[f ()] where w(z) = &7 f(7).

PROOF. Since f(z) has all its zeros in Im(z) > k > 0, w(z) has all its zeros in Im{z) <
—k < 0. So w(z — 2tk) # 0 for Im(z) > k = 0. Also, A, (g) = —T + hy (—:;-) = 0.
Since ¢ *w(z — 2k) = e*™® f(z + 2ik), we have, by applying Lemma 2.9 to w(z — 2¢k), that

|Deloo( — 26k)]| < e Dele™™ T2, which gives ¢ Defuo(z — 2k)]| < D=l N

LEMMA 2.11. Let f € &, hy (g—) =0, |fll = M, and suppose f(z) # 0 for Im(z) > k
where k < 0. Then for —oo < z < o0 and |[¢| > 1 we have e™|D¢[f(z + 2ik)]| < |Defw(2))].

where w(z) = e f(Z).

PROQF. Note that w(z) has all its zeros in Im(z) > —k > 0. Also, h, (—gz) = 7. So,
applying Lemma 2.10 to w(z), we get ¢ "™ F[D[f(z — 2(—k)))] < |Dcfw(2)]l, which gives
Do+ 2] < D@ b

The following result is due to Govil and Rahman [7]:

LEMMA 2.12. Let f(z) be an entire function of order 1 and type r such that hy (g) <
—c <0, |fl = M, and suppose f(z) has all its zeros in Im(z) > k where k <0 . Then for
—oc0 < & < 0o we have |f(z + 2ik)| > M| f(z)).
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LEMMA 2.13. Let f and D¢[f] be entire functions of order | and type T such that hy (g) =

0, Ao,y (g) S =<0, [[fll = M, end suppose f(z) has all its zeros on I'm(z) = k < 0.
Then for —co < z < oo and || > 1, we have e™|D[f(2)]| < |D¢[w(z)]|, where w(z) =
ei‘rzﬁ'

PROOF. Applying Lemma 2.11 to f(z)} we get
(2.2) | Defw(@)] = e™|De[f (= + 2:k)]|.

By Lemma 2.4, h; (l—z_w) = 7. S0 f(z + 2ik) satisfies the hypotheses of Lemma 2.2 and
hence by applying Lemma 2.2, D¢[f(z + 2:£)]| has no zeros in Im(z) < 0. So D¢[f(2)] has
all its zeros in Im(z) > k. Also, by Lemma 2.8, D¢[f(z)], where —co < 2 < co, is bounded
by %(l(l + 1) and so by Lemma 2.12 applied to D¢[f(z)],

(2.) Dz + 20| > o+ D7)

for ~co < z < co. Combining (2.2) and (2.3) we get |D fw(z)]| = e¥|D[f(2)]| for

—00 < 2 < 00. |

LEMMA 2.14. Let f and D;[f] be entire functions of order | and type v such that hf. (g) =

0, kb, (g—) < =e <0, Ifll = M, hp (g) < —c < 0 where w(z) = & (7). Also,
suppose f(z) has all its zeros in Im(z) < k < 0. Then for —co < & < co and |¢| > 1 we
have M| De{f(2)]] < |Dcfe(z)])

PROOF. Let Ly(z) = f(z) + &7e" "™ f(z + 2ik). As shown by Govil and Rahman [7),
L.(z) satisfies the hypotheses of Lemma 2.13 except possibly for two values of ~ (mod 2).
So for —co < z < co we have

(24)  MIDf(e) 4+ R R RR)| < |Delw(s) + e ez + 26k

for every 7 € [0,27) except possibly two. By continuity (2.4) holds for all v. So for

—0o < z < 0o we have
(2.5) D ()] + € Dle" M o + 2E))| < [ Dclw(e)] + e~ e™ D[ f(z + 2ik))|
for all 4. Now choose 7 such that the left-hand side of equation (2.5) is

e Df(@N + e Do Fla + 2R,

which implies by the Triangle Inequality that
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(26)  eUDf (@ + eMND M e + 2R < [Defwl@)]] -+ &7 D[ + 2ik)]].
Now choose v such that the right-hand side of equation (2.5) is

| Dlw(z)]] — eI D[f (= + 2ik)]],

which is possible by Lemma 2.11, and implies
27 ePIDAf ()| - eMUD ("M F e + 2R)]| < |Dclw(z)]| — ™| Delf(z + 2ik)]].

Adding the corresponding sides of equations (2.6) and (2.7) we get
2eM D[ f(2)]] < 2ADcfew(=)]],

which is equivalent to the conclusion of the lemma. |

3. Proofs of the Theorems.

PROQF OF THEQREM 1. In case f and D¢[f] are both of order 1 and type 7, Theorem |

follows immediately by combining Lemma 2.7 (with Im(z) = y = 0) with Lemma 2.13. In
case f is of type less than r the result holds trivially. |

PROOY QF THEOREM 2. Again when f is of order 1 and type 7 to obtain Theorem 2,

simply combine Lemma 2.7 (with Im(z) = y = 0) with Lemma 2.14. When f is of type less
than 7, the result again holds trivially. |
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