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INTRODUCTION

Definition. A complex number is one of the form
z = a + ib where a and b are real and > = —1. a
is called the real part of z, denoted Re(z), and b is
called the imaginary part of 2, denoted Im(z). The
modulus of z = a +1b is |z| = Va® + b2.

Note. We can plot z = a + ¢b in the complez plane:

Im(z)




Note. The graph of |z] <1 is:
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Note. The graph of Im(z) > 0 is:
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HISTORY

Note. Mendeleev studied the speciﬁc gravity of a
solution as a function of the percentage of the dis-
solved substance. After plotting data, he asked the
question:

If p(x) is a real polynomial function of degree two
and |p(z)| <1 on [~1,1], how large can |p'(x)| be on
[—1,1]7

Answer: |p/(x)| < 4. The result is “sharp” (or best
possible) as is shown by the example p(z) = 1 — 222

In general:

Theorem (Markov). If p(x) is a real polynomial
of degree n, and |p(z)] < M on [-1,1] then
|p'(z)| < Mn? on [-1,1].

Note. This result is sharp for the n* Chebyshev
polynomial, p(x) = £T,(x) = % cos(n cos™1(2)).
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RESULTS FOR COMPLEX
POLYNOMIALS

Definition. Let P, denote the class of all polyno-
mials of degree less than or equal to n. For P € P,
define the norm ||P|| = maXIP(z)I

Theorem (Bernstein). If P € P,, then
IP] < nllPl.

Note. This result is sharp if and only if P(z) = az".



Theorem (Erdos-Lax) If P e P,and P(z) #0
in |z| < 1 then

n
1P| < 2P,

Note. This result is sharp for P(z) = az"+ 3 where
o] = |B].

Theorem (Malik). If P € P, and P(z) # 0 in
|2| < K, K > 1, then

| P <

. Note. This result is also sharp, as is shown by the

example P(z) = (i i IIE) ,

Note. With K = 1, Malik’s theorem reduces to the

Erdos-Lax theorem.



Theorem (Govil and Labelle). If
P(z) = a,IT}_{(z — z,) € P,

and |z,| > K, > 1 then

| 1
1Pl < 5|1 -+ | Pl
+ n Ly= 1Kv—1

Note. This result reduces to Malik’s theorem if
K, > K > 1 for all v, and reduces to the Erdos-

Lax result if K, = 1 for some v.

Definition. For P € P,, define the L? norm of P

as 1/p
d@}

29
1Pl = {5 £ P(e”)



Theorem (DeBruijn). If P € P, and P(z) # 0 in

|z| < 1 then for p > 1,

n
P, < P||,.
” “p — ”1 - Zn”p” ”P

Note. If we let p — 00, DeBruijn’s theorem reduces
to the Erdos-Lax result.

Theorem (Gardner and Govil). Suppose
P(z) = a,II_1(z — zy) € P, and |2z, > K, > 1
Then for p > 1,

P, <
1Pl < 1Pl
where
T 1 Kﬁj n
tO — (Ei 1)1 =1 + - 1
v=1 K,—1 v=1 K,—1

Note. If K, = 1 for any v, this result reduces to
DeBruijn’s theorem. If p — oo, this result reduces
to the Govil-Labelle theorem.
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Note. Each of the above results involving L, norms

can be extended to the case p € [0,1) where

1 27 7
[Pllo = exp (5 - " og|P(e*)

d@) .

Definition. For P € P, define polar derivative of
P with respect to the pole ( as

D¢[P(z)] = nP(z) + (¢ — 2)P'(z).

Theorem (Laguerre). Let P € P, and suppose
that all the zeros of P lie in a generalized circular
region C. If z is any zero of D;[P] then not both

points z and ( lie outside of C.



Theorem (Aziz). If P € P,, and P(z) # 0 in
|z| < K where K > 1 then for |{| > 1

K
DIl < n (D ey,

Note. If ( — oo then this result implies Malik’s

theorem.

Corollary (to Laguerre’s Theorem). Suppose
all the zeros of the polynomial P lie in |z| < 1. Then
all the zeros of P’ lie in |z| < 1.

proof. Choose ¢ such that |[¢| > 1. Then all the
P
zeros of D¢|P] and DelP)

4
all the zeros of

. (D¢[P]y .. nP(z)+((-2)P(z) _,
Jim | =) = lim ¢ = P(z)

lie in |z| < 1. i

lie in |z| < 1. Therefore
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Conjecture (Illief-Sendov). Suppose all the zeros
of the polyno'mial P(z) lie in |z| < 1 and let o be
one such zero. Then there is a zero, say B, of P'(z)
such that |o — 8| < 1.
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ENTIRE FUNCTIONS OF
EXPONENTIAL TYPE

Definition. Let C represent the complex plane and
suppose F' : C—C. Then F'is analytic at a point if
it is differentiable in an open neighborhood of that
point. A function analytic at all pointsl of C is an

entire function.

Note. Some facts about entire functions:
1.If F(z) has a finite number of zeros then
F(z) = P(z)g(z) where P(z) is a polynomial,

g(z) is entire and g(z) is never 0.

2. (Weierstrass) Every entire function F' (not iden

tically 0) can be represented as

F(z) = 2med® ‘f_‘fl (1 _ 5_) o Pal2)

where the product is taken over the zeros of F'(z)
other than z = 0, g(z) is entire and P, is a poly-

nomial.
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Definition. An entire function F' is said to be of ezx-
ponential type if the inequality |F(z)| < Ae® 1l holds

for some positive A and B and for all z.

Definition. Let M(F,r) = ﬂ@XIF(Z)l- The order
p of F is

F
p = limsup log log M( ’T).
7500 ]og r

An entire function of positive order p is of type 7 if

log M(F
T:lil;nsup o8 WE ’T).

Definition. An entire function is said to be of ez-
ponential type T if either it is of order 1 and type
less than or equal to 7, or it is of order less than 1.

Denote the class of all such functions by &,.
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Definition. For F € £., let the normof F be
|F|| = sup |F(x)|. Define the indicator function of
2ER

F as

F(ret
hp(0) = lim sup log | (re. )I

r—0C0

Example. The function F(z) = ™ is of order p

and type 7.

1z —12
- e

23
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Example. Consider F(z) = sin(z) =
Then

R—1 By
© 5 §E115=L§|Sin(z)|§e 2+ .

So F(z) = sin(z) is of order p = 1 and type 7 = 1.
T
Also hyr (~2—) = 1.
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Note. Some facts about &.:

1. The Phragmen-Lindelof Theorem is, in a sense,
a generalization of the Maximum Modulus The-

orem. From it, we have:
Theorem. If F € &, hyp (323) <cand |F|| < M
then for every z with y = Im(z) > 0,

|F(z)| < Me%.
2. &; is a Banach Space with our norm || - ||.
3. Consider
P={Fe&: [° |F(z)dr < oo}.

This is called the Paley-Wiener Space. If F € P
then there exists ® € L2[—, 7] such that

F(z) = -21? ™ B(t)e™ dt = F-{®} and

®(t) = [ F(z)e " dx = F{F}.
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Since the Fourier transform F is an isometry (pre-
serves norms), P is isometrically isomorphic to
L*~m,n]. Also, P is a Hilbert Space with the
inner product (f,g) = [°. fgdz. If f € P then

x  sinw(z —n) ()

f(z) = nzz Cn

~00 w(z —n)

with 3 |e,|? < co. That is,

me@-nu

w(z —n)
is an (orthonormal) Riesz basis for P.  Setting

z =mnin (*), we have ¢, = f(n). So

#2) =sinmz & (1)L

N=—00 ’]T(Z - ?’L) .

Soif f € P and f is known on the integers, then
f is determined. This is called the Shannon Sam-

pling Theorem.
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~ Note. Cllon31der the transformation 7' : z — €%
This transformation satisfies the following proper

; -'tles

1T R—>{z||z| 1} |
2. T: {z|I'm,()>0} —{z||z| < 1}

T(2)

3. T:{z|Im(z)<0}-—>{z||2|>1}

///////*//
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Note. We want to consider Bernstein type results

for the class &..

Theorem (Bernstein). If F' € £; then

LE] < || 1]

Note. Bernstein’s theorem for polynomials can be
derived from this result by considering
P(T(z)) = P(e**) € &, where P € P,.

Theorem (Boas). If F € £, hp (—g) =0 and

f(z) # 0 for Im(z) > 0 then
-

’ < - -

1) < Z)iF

Note. The Erdos-Lax theorem can be derived from
this.
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Definition. For F' € &, define the polar derivative
of F' with respect to ( as

D([F(2)] = 7F(z) +i(1 — ¢)F'(2).

Theorem (Rahman-Schmeisser). Let F' € &,
where 7 > 0 and hp(5) = 0. Let H denote the

(closed or open) upper half plane. If F(z) # 0 for
z € H then D/[F]| #0 for z € H and |¢| < 1.

Note. Laguerre’s theorem can be derived from this

result.

Corollary. Let F € & where 7 > 0 and hp(F") = 7.
Let L denote the (closed or open) lower half plane.
If F(z) # 0 for z € L then D;[F| # 0 for z € L and
<l > 1.

Note. If ( — oo this means F'(z) # 0 for z € L.
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Theorem (Gardner and Govil). Let F € &,
hr(5) =0 and F(z) # 0 in H. Then for z € L and
<l > 1,
T T
| D¢ [F(2)]| < "2"(|C|€ V1) |17

where y=Im/(z).

Note. This result implies the Boas result for entire

functions when ¢ — oo.

Theorem (Gardner and Govil). Let F € &,
hr(3) = 0 and suppose F(z) has all its zeros in
Im(z) < k < 0. I [¢| > 1, hpgn (g) < —c<0
and hp,[q (g) < —¢ < 0 where G(z) = €™ F(z)
then

| 1
1D [FI|| < Té'ﬁcf K 1) il

Note. Letting ( — o0, this theorem reduces to a

result of Govil and Rahman.
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