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1. Introduction

The Two Envelopes Exchange Paradox can be stated as:
A random (positive) amount of money is put in an
envelope O. A coin is flipped and if the coin comes
up heads, twice the amount of money in envelope O
is put in a second envelope (call it T') and if the coin
comes up tails, half the amount of money in envelope

O is put in envelope T

The paradox arises by reasoning that if we choose one envelope
(no matter which one) then there is a 50% chance that the other
envelope contains one-half the amount we hold, and there is a 50%
chance that the other envelope contains twice the amount we hold.
That is, the other envelope has an expected value of 1.25 times the
amount in the envelope we hold. This expected value is greater,
regardless of whether we hold envelope O or T'. Therefore, if we
hold envelope O it appears to be to our advantage to swap envelope
O for envelope T' (we might even be willing to pay a certain amount
of money to swap). Also, if we should hold envelope T" we also have
a desire to swap since we can argue that the expected value in O is

1.25 times the amount in 7.



Resolution of the Paradox. Of course, the “paradox” is re-
solved if a probability distribution is given by which the amount
of money to be put in envelope O is determined. The expected
amount in O is then the expected value of this distribution and

the expected amount in 7" is 1.25 times the expected amount in O
(Gardner 1999).

A Uniform Distribution of IN . Piers Rawling (1999) has
suggested addressing the paradox by exploring what happens when
the amount in envelope O is based on a natural number n (he chose
to put $2” in envelope O) which is chosen according to a uniform
probability distribution on the natural numbers N . With such a
distribution, countable additivity of the probability measure must
be abandoned. Motivated by this approach, we explore the implica-
tions of postulating a uniform probability distribution on IN which
satisfies the properties of finite additivity and translation invariance.
For each real number r such that 0 < r < 1, we will construct a
subset of IN with measure r. Finally, we propose a method for
calculating expected values for the two envelopes problem which

resolves the paradox.



2. Definitions and Results

Definition. Let S C N and n € N . Then define
cs(n) = {z € S|z <n}|.

For S C N define the (probability) measure of S as

provided this limit exists. (P(.S) is called the asymptotic density
of set S. See Chung [1974].)

Theorem 1. P(()) = 0, P({n}) = P({m}) = 0 for all m,n €
N, P(N)=1and P(A) =0 if |A| < 0.

Proof. This result follows trivially from the definition of P. |



Note. Theorem 1 includes the idea that P should be determined
by a uniform distribution. Although finite sets have measure zero,
the converse of this result does not hold. Consider, for example, the

set
A={zx|xz=10"forsomen € N }.

Then since c4(n) < log;y(n), we have P(A) = 0.

Theorem 2. P is finitely additive. That is, if P(S1), P(S2),
.., and P(Sg) are defined, S;nS; = 0 for ¢ # j, and § =
S1USoU-+-USy is defined, then P(S) = P(S1) + P(Ss) + -+ - +
P(Sy).

Proof. Notice that for a given n € N,

cs(n) = cg(n) +cs,(n) + -+ - +cg, (n).

Therefore

P(s) = Jiny cs(n) _— cs,(n) + cs,y(n) + - - - + cg,(n)
=) <°‘;<”>) l%g") et )
__#&(71)+( n)+ +<TL)

= P(S1)+ P(S2) + -+ P(Sk).



Note. In general, P is not countably additive. This follows from

the facts that N = OLj {n}, P({n}) = 0 for each n € N, and
n=1

P(N)=1.

Definition. Define for S C N andxz € N,
S+rx={s+z|se S}

S + x is commonly called a translation for S.

Theorem 3. P is translation invariant. That is, P(S + x) =
P(S) forall SC N and forz € N.

Proof. First, notice that c¢s(n) < cgi.(n) + x. Therefore

P(S) = lim cs(n) < lim C51a(n) +
— lim (CSH(n) + ”“") — lim (Csﬂ“(”)) = P(S + ).

Similarly, since cg(n) > cgi.(n), we have P(S) > P(S+z). There-
fore P(S) = P(S + z). I



3. Sets of Given Measures

Theorem 4. Let p,g € N with p < ¢g. Then there exists
A C N with P(A) =p/q.

Proof. Notice that for all p,g € N, p < q we have

"y "
i <cAp/q(n)<g+.

C n 1
Ap/iqu = — by the Sandwich Theorem.

Therefore P(A,/,) = li
erefore P(Ay/,) = lim - .

By Theorem 2,

Theorem 5. For any irrational r € [0, 1], there exists a set A with
P(A)=r.

Proof. Let the decimal expansion of r be 0.dydads - - - (that is,
r = § d; X 10”). For k > 1, define
i=1
dy,
Ap = 'L—J1 Az’xl()k—l/l()k?

where A, jge-1 0 18 constructed as in Theorem 4. Therefore P(A) =

dy x 10~F. Notice that A;nA; = 0 if i £ j. Let A= U A
1=1
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Let € > 0 be given. Then for some M € N,
r—e<0.didy---dy <r.

M
Let Byy = U A;. Then By € A and P(BM) = 0.dydy---dyy.
=1

]

Now for a given n, cp,,(n) < ca(n). Therefore By < ca(n) and
n n

_ _ 1 CBM(”) . can)

r—e<0.ddy---dy = P(By) = lim ——~ <liminf .

Similarly, there exists N € IN with
T<O.d1d2"'<d]\]—|—1) < T+ €.

With
N-1 dy+1
By = ( 'L—J1 Ai) U ( 'L—J1 Az’xlONl/lON)

we have A C By and P(By) = 0.didy - - - (dy + 1). For given n,

ca(n) < cpy(n) and so caln) < “bn () and
n n
CA(”) - CBN<n) _
lim sup < lim =0.dydy -+ (dy+1) <71 +e
n—00 n n—eon

Therefore for arbitrary € > 0 we have

r — e < liminf (CA(n)) < limsup (CA(n)) <r-+e.
n—oo n n—00 n

Hence

lim inf (CA(n) ) — lim sup (CA(n) ) =i A - piay

n—00 n n—00




4. A Nonmeasurable Set

Note. Unfortunately, it is fairly easy to construct subsets of N
which are not measurable under our definition. We simply alter-
nate the inclusion and exclusion of larger and larger numbers of
natural numbers. For example, define A; = {10%72 + 1,10% % +

2,...,10% 1} fori € N, and define A = EJO A;. Then for n = 10"
i=1

(k+1)/2 .
where k is odd, c4(n) =9 x Y 107 and for n = 10" where
i=1

k2
k is even, ca(n) = 9 x X 10%~2 If we restrict n to values in the

i=1

10

set {n | n = 10" where k is odd} then Jim caln) = —. If we

restrict n to values in the set {n | n = 10¥ where k is even} then

1
lim can) =7 Therefore P(A) is not defined.

n—oo n




5. Discussion and Expected Values

Note. We would now like to return to the two envelopes problem

and draw some conclusions from the properties we have developed.

Expected Value, First Attempt. We associate a value of n
with set {n}. If we calculate the expected value in envelope O using

infinite sums, then we get

i iP({i}) = > 0=0.

1=1

[t is not surprising that we get this absurdity when taking an infi-
nite sum, since we have calculated probabilities without having the

property of countable additivity.

Expected Value, Second Attempt. An alternative approach
is to calculate a “cumulative expected value” and then take a limit.

That is, we can argue that the expected amount in envelope O is

limy (fc{”m)xz‘) — lim (f i) — lim (TM) — .

"moNi=l n nmeoNi=tn) o 0 2n
In this way, we calculate a limat of finite sums and never directly
deal with an infinite sum. Notice that this gives an infinite expected
value for the contents of both envelopes O and T', and the paradox
is resolved. We therefore propose that, in the setting of the two
envelopes problem, probabilities and expected values be computed

as above.
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