9.1 Relations and Functions

Definitions:

. Relation: aset of ordered pairs.
Example 1. {(3,1), (2,4), (5,7), (6,1), (5, 8)}
Example 2: { (Washington, 1), (J. Adams, 2), (Jefferson, 3), ..., (Clinton, 42)}
Example 3: {(5, @), (9, b), (4, &)}

. The domain of areation isthe set of dl first elementsin therelation. So in Example 1,
thedomainis{2, 3,5, 6}. (Welist each element only once.) The domain of Example 2 is
{Washington, J. Adams, ..., G.H.W. Bush, Clinton}. The domain of Example 3is{4, 5,
9}.

. Therange of arelation is the set of all second elements of each ordered pair. Soin
Example 1, therangeis{1, 4,7, 8}. InExample 2, it's{1, 2, ..., 41, 42}. In Example 3,
therangeis{a b, &}.

. Function: arelation in which no two ordered pairs have the same first el ement.

. Another definition of afunction—arelation in which each first component corresponds to
exactly one second component.

So Example 1 is not a function, because 5 is used as afirst element in two ordered pairs.

Examples 2 and 3 are functions, because each first element is used only once.

When we work with equations that we graph, like 3x + 4y = 12, the set of all x-coordinatesis the
domain, and the set of all y-coordinates is the range.

Function Notation

We often label afunction with letters of the alphabet, followed by a variable in parentheses.
Common examples would be f(x), g(x), h(x), F(x), G(X), H(X), and ¢(x). Note that f(x) isa
different function from F(X) — in other words, case matters. The character ¢ isthe Greek |etter
phi (in math we pronounce it “fee”). The notation f(x) does NOT mean we are multiplying f and x
together. It means we have afunction called f that uses the variable x. When we read f(x) out
loud, we say “f of x.”

OExample. Given that f(x) = x> —2x + 3, find f (0).
This means replace x with O in the rule for f(x). So to find f (0), we take
0°-2+0+3 = 0-0+3 =3.
So here f(0) = 3.
So f(1) =12—-21+3 =1-2+3=2
Also, f(-1) = (-1)*-2(-1) +3 =1+ 2+ 3=6.
f(4) =4°-2(4)+3=16-8+3 =11



To determine if an equation represents afunction, that is, if we can writey = f(x), we solve the
equation for y first. So if we were asked if the relation {(x,y) | X* — y? = 16} represents a function,
we would solve x> —y? = 16 for y and see that only one equation is possible. So let’s solve that
equation for y:

Y =16 -X° (subtracting x* from both sides)

Y = x*-16 (dividing both sides by -1 and doing a little rearranging)

y=%+ x?- 16  (using the Square Root Property)

Note here that y could be two different things— either a positive or negative square root. We
can't have that, so thisrelation is not a function.

Finding the Domain of a Function
The domain of afunction isthe set of all numbers we can use to replace x with.

. . o 4 .
¢ That means if we had arational function like g(x) = 3 _):2, we have to pick all the values of
X

X that don’t cause us problems. In this case, it would mean that X couldn’t be 2, because

replacing x with _ 2 would give us a0 in the denominator. We would say that tﬁe domain of
3
g(x) would be all numbers except -2/3. We use set notation to do this, so we would write

{xix -3

¢ Find the domain of F (X) =~/X + 3.

Since we only want to deal with real numbersin this chapter, the part under the radical
can't be negative. So x + 3 hasto be O or positive; in other words, we need x + 3> 0. This
means that x > -3. We write our domain like this:

Domain={x|x>-3}.

We can add, subtract, multiply, and divide functions the same way we do polynomials. For
example, if G(X) =3x+5 and h(x) =4x-7,then (G + h)(x) = 7x—2.

The Difference Quotient

In calculus there is something used extensively called the “ difference quotient.” It is defined like
this:

Difference Quotient = TTaTh)-—fTH)

We take the rule for f(x), first replacing x with (a + h), then replacing x with a, then subtracting



the two and dividing the result by h.

¢ Find the difference quotient when f(x) = 3x + 7.
First, we'll find f(a + h); that is, we'll replace x with (a + h).
fa+ hy=3@+h)+7=3a+3h+7
Then we find f(a).
fla)=3a+7
Next, we subtract and divide by h:

f(a+h)- f(a)_(3a+3+7)- (3a+7)
h h

_3a+3n+7-3-7_3n_,
h h

So the difference quotient is 3.

¢ Find the difference quotient for f(x) = 3x* + 9.
Again, we'll replace x first with a+ h and then with a, subtract, and then divide by h.
Be careful on thisone! Remember to square a binomia like a+h, you don’t smply square
the two terms!  Using the pattern, (a+h)? = a? + 2ah + h>. So here’s what our work looks
like:

D_Q_:[3(61+ h)’>+9]- (3a+9)

h
_[3(@*+2ah+h*)+9]- 3a°- 9
- h
_3a*+6ah+3h*+9-3a°- 9
h

_6ah +3h?
h
=6a+3h

One of the many things the difference quotient is used for in calculusis finding the dope of aline
that’ sjust touching a curve at a particular point. Thislineis called atangent line to the curve at
that point.



